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Abstract

This work is concerned with the implementation and testing, within a structured collocated
finite-volume framework, of seven segregated algorithms for the prediction of multi-phase flow
a al speeds. These agorithms belong to the Geometric Conservation Based Algorithms
(GCBA) group in which the pressure correction equation is derived from the constraint equation
on volume fractions (i.e. sum of volume fractions equals 1). The pressure correction schemes in
these algorithms are based on SIMPLE, SIMPLEC, SIMPLEX, SIMPLEM, SIMPLEST, PISO,
and PRIME. Solving a variety of one- and two-dimensional laminar and turbulent two-phase
flow problems in the subsonic, transonic, and supersonic regimes and comparing results with
published numerical and/or experimental data assess the performance and accuracy of these
agorithms. The SG method is used to solve for the one-dimensional test problems and the
effects of grid size on convergence characteristics are analyzed. On the other hand, solutions for
the two-dimensional problems are generated for several grid systems using the single grid
method (SG), the prolongation grid method (PG), and the full non-linear multi-grid method
(FMG) and their effects on convergence behavior are studied. The main outcomes of this study
are the clear demonstrations of: (i) the capability of al GCBA agorithms to deal with multi-
fluid flow situations; (ii) the ability of the FMG method to tackle the added non-linearity of
multi-fluid flows; (iii) and the capacity of the GCBA algorithms to predict multi-fluid flow at all

Speeds.
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Nomenclature

AY .. coefficients in the discretized equation for f .
B source term in the discretized equation for f ®.
B® body force per unit volume of fluid/phase k.
c coefficient equalsto 1/ ROT®,

D[ ] the D operator.

H[f “] theH operator.

HR,[f ] the HP operator working on f ® (f ®=0 0 or w¥),
HP,[u™®] the vector form of the HP operator.

| & inter-phase momentum transfer.

Jp diffusion flux of f ' acrosscell face ‘f’.
Jie convection flux of f* across cell face‘f'.
M &) Mass source per unit volume.

P pressure.

Pr, Pr{ laminar and turbulent Prandtl number for fluid/phase k.
g heat generated per unit volume of fluid/phase k.

QY general source term of fluid/phase k.

volume fraction of fluid/phase k.

R gas constant for fluid/phase k.

S surface vector.

t time.

T temperature of fluid/phase k.

U interface flux velocity (v, ) of fluid/phase k.
ut velocity vector of fluid/phase k.

U v velocity components of fluid/phase k.

X,y Cartesian coordinates.

lab|  the maximum of aand b.
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Greek Symbols

r(k)

G(k)

F (k)
f (k)

K

density of fluid/phase k.

diffusion coefficient of fluid/phase k.
dissipation term in energy equationof fluid/phase k.

genera scalar quantity associated with fluid/phase k.

space vector equal to (ﬁf - gaf)s,

DP[f (")J the D operator.

), m* laminar and turbulent viscosity of fluid/phase k.

wW cell volume.

b® thermal expansion coefficient for phase/fluid k.

dt time step.

Subscripts

ew,. refers to the east, west, ... face of a control volume.

EW,.. refersto the East, Weg, ... neighbors of the main grid point.
f refers to control volume face f.

P refers to the P grid point.

Superscripts

C
D

(k)
(k)*
(k) e

(k)¢

od

refers to convection contribution.

refers to diffusion contribution.

refers to fluid/phase k.

refers to updated value at the current iteration.

refers to values of fluid/phase k from the previous iteration.

refers to correction field of phase/fluid k.
refers to values from the previous time step.



Introduction

The last two decades have witnessed a substantial transformation in the CFD industry; from a
research means confined to research laboratories, CFD has emerged as an every day
engineering tool for a wide range of industries (Aeronautics, Automobile, HVAC, etc...).
This increasing dependence on CFD is due to a multitude of factors that have rendered
practical the simulation of complex problems. Some of these factors are directly related to
the maturity of several numerical aspects at the core of CFD. These include: multi-grid
acceleration techniques [1-4] with enhanced equation solvers [5,6] that have decreased the
computational cost of tackling large problems, better discretization techniques, unstructured
grids [7-12], bounded high resolution schemes [13-18], as well as improved pressure-vel ocity
(and density) coupling algorithms for fluid flow at al speeds [19-27]. Other factors,
independent of the CFD industry, have to do with the exponential increase in processor
power and decrease in microprocessor cost, whereby multiprocessors systems with large
memory can now be set up at a fraction the cost of the super-computers of a decade ago.

Challenges till abound in relation to increasing the robustness of numerical techniques,
improving the models used (e.g. turbulence), and extending the currently used algorithms
[28-34] for the simulation of multi-phase flows at al speeds [35]. In this last area a number
of algorithms have been recently reviewed and new ones proposed [36]. The basic difficulty
in the simulation of multi-phase flows [36] stems from the increased agorithmic complexity
that need to be addressed when dealing with multiple sets of continuity and momentum
equations that are inter-coupled (interchange momentum by inter-phase mass and momentum
transfer, etc.) both spatially and across fluids. Despite these complexities, successful
segregated incompressible pressure-based solution algorithms have been devised. The IPSA
variants devised by the Spalding Group at Imperial College [37-39] and the set of algorithms

devised by the Los Alamos Scientific Laboratory (LASL) group [40-42] are examples of
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incompressible multiphase algorithms.  When dealing with all-speed flows, pressure-
velocity-density coupling has to be accounted for. Pressure-based algorithms have been
extended successfully [19-27] to account for this additional coupling.

Recently, Darwish et a. [36] extended the applicability of the available segregated single-
fluid flow agorithms [35] to predict multi-fluid flow at al speeds. In their work, it was
shown that the pressure correction equation can be derived either by using the geometric
conservation equation or the overall mass conservation equation. Depending on which
equation is used, the segregated pressure-based multi-fluid flow algorithms were classified
respectively as either the Geometric Conservation Based family of Algorithms (GCBA) or
the Mass Conservation Based family of Algorithms (MCBA). Moukalled et al. [43-46]
implemented and tested the MCBA family and proved its capability to predict multi-fluid
flow at all speeds. On the other hand, the GCBA family has not yet been implemented nor
tested.

The objective of the present work is to implement and test the GCBA family within a
structured finite-volume framework with the convection terms aong the control volume faces
evauated using a High Resolution (HR) scheme applied within the context of the Normalized
Variable and Space Formulation methodology (NVSF) [15]. To reduce the overal
computational cost, the convergence rate is accelerated through the use of a non-linear full
multi-grid method. The discretization scheme is second-order accurate in space and first
order accurate in time.

In what follows, the governing equations are first introduced, followed by a brief description
of the discretization procedure. Then the GCBA algorithms are presented, their capabilities to
predict multi-fluid flow phenomena at al speeds demonstrated, and their performance
characteristics (in terms of convergence history and speed) assessed. For that purpose, a total

of twelve laminar and turbulent incompressible and compressible problems encompassing
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dilute and dense gas-solid, and bubbly flows in the subsonic, transonic and supersonic
regimes are solved. In addition, the performance of these algorithms is evaluated using (i) a
single grid approach (SG), (ii) a prolongation only approach (PG) whereby the solution
moves in one direction starting on the coarse grid and ending on the finest grid with the
solution obtained on level n used as initia guess for the solution on level (n+1), and (iii)

finally a Full Multi-Grid (FMG) approach with aW cycle.

The Governing Equations

In multi-phase flow the various fluids/phases coexist with different concentrations at different
locations in the flow domain and move with unequal velocities. Thus, the equations
governing multi-phase flows are the conservation laws of mass, momentum, and energy for
each individua fluid. For turbulent multi-phase flow situations, an additional set of equations
may be needed depending on the turbulence model used. These equations should be

supplemented by a set of auxiliary relations. The various conservation equations needed are:

ﬂ(r(k)f (k)) + N.(r(")r (k)u(k)): NCOIVIG 1
it
T(r*r “uty R Or OOy = N.[r(k)(nfk) N n,fk))qu(k)]+ r-RP+BY)+1EY (2
It "
( ) ()T (K) ) . . é k) ¥ y
mrr YT +N.(r(k)r(k)u(k)-|-(k))= N.éf % M(k)NT(k)u
qt é Pr P g a

©)
% b(k)T“)g;m (Pu®)- PRu ‘“)E+ F +q<k>g+(':((_kk;
where the meanings of the various terms are as given in the nomenclature.
The effect of turbulence on interfacial mass, momentum, and energy transfer is difficult to
model and is still an active area of research. Similar to single-fluid flow, researchers have
advertised several flow-dependent models to describe turbulence. These models vary in

complexity from simple algebraic [47] models to state-of-the-art Reynolds-stress [48]
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models. However, the one used here is the two-equation k-e model [49] described next. The
phasic conservation equations governing the turbulence kinetic energy (k) and turbulence

dissipation rate () for the k™ fluid are given by:

() 0} () K .
(r r’k ) ~ . 2 o O
it s¢
(k) (K) 4K . 0 5
mrr d +K (r(k)r(k)u(k)e(k)): N.gr® Ili K= +
it ' g s p
e ©
(0r 0 & (o G Y + 1)
rr k(k)(CleG - C, & )+Ie

where [Mand 1 represent the interfacial turbulence terms. The turbulent viscosity is

calculated as:
[k(k)]2
n'fk) =C, o) (6)

For two-phase flow, several extensions of the k-e model that are based on calculating the
turbulent viscosity by solving the k and e equations for the carrier or continuous phase only
have been proposed in the literature [50-55]. In a recent article, Cokljat and Ivanov [49]
presented a phase coupled k-e turbulence model, intended for the cases where a non-dilute
secondary phase is present, in which the k-e transport equations for all phases are solved.
Since the method is till not well developed, the first approach in which only the k and e
equations for the carrier phase are solved is adopted in this work. Details regarding the
specific model used will be presented as needed.

If atypical representative variable associated with phase (k) is denoted by f | equations (1)-
(5) can be presented via the following general phasic equation:

ﬂgr(k’r or ) + N.(r(k)r CCE: (k)): N.(r“‘)G“‘)Nf (k))+ rIQ) @)

qt
where the expression for G and Q™ can be deduced from the parent equations.
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The above set of differential equations has to be solved in conjunction with constraints on
certain variables represented by algebraic relations. These auxiliary relations include the
equations of state, the geometric conservation equation, and the interfacial mass, momentum,
energy, and turbulence energy transfers.

Physically, the geometric conservation equation is a statement indicating that the sum of
volumes occupied by the different fluids within a cell is equal to the volume of the cell
containing the fluids.

ék =1 8)
For a compressible multi-phase flow, auxiliary equations of state relating density to pressure

and temperature are needed. For the k'™ phase, such an equation can be written as;

r® =r 0 (p,T®) ©)
Several models have been developed for computing the interfacial mass, momentum, energy,

and turbulence energy transfers terms. The closures used in this work will be detailed
whenever they arise while solving problems.
In order to present a complete mathematical problem, thermodynamic relations may be

needed and initial and boundary conditions should supplement the above equations.

Discretization Procedure

The general conservation equation (7) is integrated over afinite volume to yield:

q(rr OF ®

aW+ G (r Pt 9w

(10)
= AN OGN CXIW + o (k)Q(k)dW
@SR @

Where Wis the volume of the control cell (Fig. 1(a)). Using the divergence theorem to
transform the volume integral into a surface integral and then replacing the surface integral
by a summation of the fluxes over the sides of the control volume, equation (10) is

transformed to:
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(O ®f © .
T, g oo eate)=rogtw (1

ﬂt nb=e,w,ns,t,b

where J®¥° and JWC¢ are the diffusive and convective fluxes, respectively. The

discretization of the diffusion term is second order accurate and follows the derivations
presented in [35]. For the convective terms, the High Resolution SMART [13] scheme is
employed, even for the calculation of interface densities, and applied within the context of
the NVSF methodology [15]. Substituting the face values by their functional relationship
relating to the node values of f, Eq. (11) is transformed after some algebraic manipulations

into the following discretized equation:

APHY =8 AL +BY 12
NB

where the coefficients A% and A {) depend on the selected scheme and BY is the source

term of the discretized equation . In compact form, the above equation can be written as

& A+ B
£ 00— Hp[f (k)]: NB

A(k) (13)
P
The discretization procedure for the momentum equation yields an algebraic equation of the
form:
u® =H,u®]- r9D®R,(P) (14)
On the other hand, the phasic mass-conservation equation (Eg. (1)) can be either viewed as a
phasic volume fraction equation:
r8 =H,[r"] (15)
or as athe following phasic continuity equation to be used in deriving the pressure correction
equation:
). (e

dt
where the ? operator represents the following operation:

Old
) Wi Dp[r(k)r (k) (k) .S] N CIVIG) (16)

DP[Q] = é. Qs (17)

f=NB(P)
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Geometric Conservation Based Algorithms (GCBA)

The numbers of equations describing an n-fluid flow situation are: n momentum equations, n
volume fraction (or mass conservation) equations, a geometric conservation equation, and for
the case of a compressible flow an additiona n auxiliary pressure-density relations.
Moreover, the variables involved are the n velocity vectors, the n volume fractions, the
pressure field, and for a compressible flow an additional n unknown density fields. It isclear
that the n-velocity fields are associated with the n-momentum equations, i.e. the momentum
equations can be used directly to calculate the velocity fields. The volume fractions could
arguably be calculated from the volume fraction equations, which means that the remaining
equation i.e. the geometric conservation equation (the volume fractions sum to 1) has to be
used in deriving the pressure equation, or equivalently the pressure correction equation. This
results in what is called here the Geometric Conservation Based Algorithm (GCBA).
The sequence of events in the Geometric Conservation Based Algorithm (GCBA) is as
follows:

Solve the individual mass conservation equations for volume fractions.

Solve the momentum equations for velocities.

Solve the pressure correction equation.

Correct velocity, volume fraction, density, and pressure fields.

Solve the individual energy equations.

Return to the first step and repeat until convergence.
The GCBA uses the momentum equations for a first estimate of velocities. However, the
volume fractions are calculated without enforcing the geometric conservation equation.
Hence, the mass conservation equations of al fluids are used to calculate the volume
fractions. As such, the pressure correction equation should be based on the geometric

conservation equation and used to restore the imbalance of volume fractions. The errors in
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the calculated volume fractions are expressed in terms of pressure correction (P¢), which is

also used to adjust the velocity and density fields.
ThePressure Correction Equation

After solving the continuity equations for the volume fraction fields and the momentum
equations for the velocity fields, the next step is to correct the various fields such that the
volume fraction fields satisfy the compatibility equation and the velocity and pressure fields
satisfy the continuity equations. For that purpose, a guess-and-correct scheme is adopted.
Correction is obtained by solving a pressure correction equation derived from the geometric

conservation equation. To start the derivation, it is noticed that initially the volume fraction
fields denoted by r ™", do not satisfy the compatibility equation and a discrepancy existsi.e.
RESG, =1- § r&" (18)

k
A changeto r™®" is sought that would restore the balance. The corrected r value, denoted by

r® (k9 =r®" +r® issuch that

3 (f¥9)=1- & (%) =RESG, (19)
k

k

Correction to the volume fraction, r®°, will be associated with a correction to the velocity,
density, and pressure fields, u®*, r ¢ and Pc respectively. Thus, the corrected fields are

given as:

(00 = 007 4 (e p oy ey = g 4y ®I¢ P 6 = p (0 4 (e (20)

The discretized form of the corrected continuity equation of phase (k) can be written as

K ¢ p0e), (0° L (e (k) (k) |Od
(rp +rg er +ry ) (rp re ) W
P

dt (21)
N O CRTLs TR E R e

Neglecting second and third order terms (i.e. r}% £ r UM rOUMS and rfF UM, its

expanded form reduces to:
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e o)
dt

W, + Dp[(r(")*r 00", G 4 (0 YOO W4 p (k)°U<k>*r<k>¢)]

(22)

()* ¢ (K)° (), (k) |O'd
: o o )= \ler 0y 1K) : )
- MErOW, =- (P P )dt(P P) W, - DP[(r(k’r(k) U )]+|\/|(Pk>r,§k> W,
Writing u®*® asafunction of P¢, similar to what is usually done in a SIMPLE-like algorithm,

the correction momentum equations become

u®® = HP[u™®] - r"DONPE rODORNP - rDONPE (23)
Substituting Eqg. (23) into Eq. (22), rearranging, and discretizing one gets

rék)"- Hp[r(k)¢ -

r(k é aHP[u®"] - 1 DONP® o
g P (K4 D, er(k) r (0 Q TS+ oyt I o4
- RWS a g & rODORPeE o i @9
Q -
Old -
g+ (r(k) r (k)° ) (ré,k)r Ejk)) WP + DP[(r(k)*r (k)cU(k)*)] _ M (Pk)rék)*wp -
dt 2
where RY =1/Al)
Neglecting the correction to neighboring cells, equation (24) reduces to:
gy € o 1o BIPIUYT- rUDORPR 0O
: " P (Pk)¢+ D g(k) r (k)° g O +S+ r(k) U(k) r (k)¢3+
(k)¢ R(k) g e rDrONPe 9 U: (25)
C (). (rtop 00 ) N B . N
g+ (rP e )dt(rP e ) WP + DP[(r(k) r Oy ) - M‘P")rék) WP EJ

Substituting this equation into the geometric conservation equation and replacing density

(K& _

correction in terms of pressure correction (i.e. r Cﬁk) P®), the pressure correction equation

is obtained as
| (k)* (k) ai
- el
é : R‘k’(;D [r(k’ (o (HP[u(m] r“"DONPE- r(k"”D(k)NP@.S]—E;’/ =RESG, (26)
k I ¢ old B
k)*,. (k)° K k
: g+ (I’é r § )- (rF(, r é)) W, + DP[(r(k)*r byt )] 3
7 e dt 1)
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If the HP[u “‘”J term in the above equation is retained, there will result a pressure correction
eguation relating the pressure correction value at a point to al vaues in the domain. To
facilitate implementation and reduce cost, smplifying assumptions related to this term have
been introduced. Depending on these assumptions, different algorithms are obtained. A
summary of the various GCBA agorithms (GCBA-SIMPLE, GCBA-SIMPLEC, GCBA-

PISO,...) used in thiswork is given next.

The GCBA following SIMPLE (GCBA-SIMPLE): Symbolic Form

Predictor:
(k)* — (k)*
r& =H[r*] (27)
Ul = HP,[u®" ]- r&" DV, P (28)
Corrector:
(0 — (k)" K¢ p* — pe 3
(K pgy (e (e Ut HUTLP =PI ARE O 29
u ,P¢I’ 1 (K)* (K)o (K)E . (K)** (k)* (Oly ( )
A A S

\ Ul = HPL[u®" - 1" DOR P = HP,[u® +u®9 - (18" + 1t p®R, (P +PY (30)

i
i . . -
LU = HP,[u®] - 9" DWRI,PE rODON P - ODYR Pe
1
I
T

\ ir@*=clp¢ (31)
k)¢ kw()*w k)¢ k)* . (K k)¢ k)* k)* k¢6
Tpoe=_Reo@Te” We g0 +DP[(r‘)r”°u( #). S+ 10y )r”]i
i £ a o
Condition:
a ¥} = RESG, (32)
k
. @l W, CW o i
i gd—pF¢+ D [r(k) ukrc® pq]+ 3
I ¢ N
WA RE¢D, [ 0" (HP[U©] - r"DWRPE rDORPYS|Y = RESG, (33)
kT old _l
! 0 0 ). (00 (0
i g+ (rp e ) (rp e ) W, +DP[(r(k)*r (k)°U(k)*)] N
t e dt dh
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} (k)* (k)
é}R(Pk)aeP We G Pg+D, [r(k)*U(k)*C(k)pq] D [r(k)*r(k) (v D@RIPY S]gJ
« 1 dt
\ i 0ty 0 ). 00y (0 P (34)
o i ® ?(rp e )' (rP e ) W, + DP[(r(k)*r Oyt )]_4_—:-[
-aiRpc dt 7y~ RESG,
“ % gDP[r(k)*r(k)o (HP[u(k)¢]- r(k)'rD(k)NP@.S] al)
Approximation:
Neglect: HP[u™], r“*DMNP¢
b uf*=-r®'DORK, P (35)
Approximate Equation:
} (k)* (k)
3 % R k)gl WeC, Pg+D [r(k)*U(k)*C(k’Pﬂ] [r(k) r 00° (1" DWRIPY, S]g§=
k1
p o o (36)
(0*p (k) (W (k)
o r -\rr * o « \]=
é ! Rocle P ) (P P ) W, _l_DP[(r(k) MORTIC )]%_ RESG,
f 8 a '
A Global GCBA-SIMPLE lteration
« Solve implicitly for the volume fraction fields.
« Solve implicitly for u®, using the old pressure, density, and volume fraction fields.
« Calculate the D¥ fields.
« Solve the pressure correction equation.
« Correct u®, P, and r ®.
« Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.
The GCBA following SIMPLEC (GCBA-SIMPLEC): Symbolic Form
Predictor:
rd =H[r™] (37)
ud” = HP,[u®"]- r&’ DN, P’ (38)
Corrector:
(k)** _ (k)* (k)¢ * ° .
(" per <k>¢,r<k>¢)g” Ut HUTLP =PI ARE O (39)
r

(0 = p®r 4y (k)¢’ r® = p* 4 I‘(k)¢5

LUl = HRU® - 1 DINP = HPL[u® +u®] - (1 + DR, (P +Pd (40

\ ul® = HP,[u®]- " DON,PE rIDXN P - rODORN,PE

Subtracting HP, [iju®“from both sides, one gets

(41)
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u - HP,[u o =

(k) ke _ (KK
?P U - HP[Lu e - 1% DR, PE @)
e"

rODON P - (DO, P o

\ ? HPL[11% 8 = HP[u®* - U] (" DU PE DR P - WDIN,PE  (43)
%}

(k)¢

¥
E?

(k)¢ (k)
[U = UP ]_ r(k)* DP

- u
§ 3 p - 6NF,P(TI ¥
¢ &-wpll> & wpf ;
(ke _ € /
' U - e Do p U 4
g_ r(k)¢ P NPPO _ I,.F(’k)¢ P NPP(L;I
é = 10 — e U
gl EowedR
é 2 g U
| HP[u™ - ud i =or SO SOIN
pup’= el p L. 100 BRI Pe- rODWR P - rOBUR, Pe
! ﬁ' HPP[1]+
i 2
\ = c<k>P¢ (45)
i
(0" 5
: O Rg)gp dWP F %4 D [(r(k)*r (0 0F) S 4 0 Y op (k)m]i
'| t p
1
Condition:
& 11"} = REsG, (46)
k
i KW CK) ol
i o WG b b [yt clopd s 5
i ¢ ot il
; g é 2 0 u_'.
1 é +
\ & f- RWED &M O GHPIU™ U] Sogpe r<k>"D(k’NP¢‘su_y RESG,
ki ] g e ¢ ®. HPP[1]9 -
{ ¢ E; gg Eg g LJ 1
- g K)* . (K)° K k) \Old
! ¢, () (r ) (k)" (0 (0" B
i + W, + Dp[\r™ r* U ol
% 8 dt P P[( )] d)
(47)
3 (k)* )
) .I,.Rék)ae WeC P¢+D [r(")*U“‘) C(k)pq] P[r(")*r (k)°(r(k)*5(k)|§|p©_s]%; =
k 1 é %9
. a(r(k) r (o ) ((k)rgq) W, +D [ Wy G0y )]+d|J (48)
& RS Y- RESG,
‘I % [ (l9* . (kr (HP[u"‘” ul]- (k)"D(k’NPG) S] ?43
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Approximation:

Neglect: HP[u™®*® - u®, rODMRPE

P ul*=-r DN PC (49)
Approximate Equation:
°| (k)a(k)wc(k) k)" [ 1 (K* ~(K) K (0° [ RO R) 9J
& R! § Pg+D, [r U9 COP]- D[t (9 BORPYS] =
p ‘ ) (50)
i P (0% (07 ) () p (k) o
e LEE Ty e ress,
k T .

A Global GCBA-SIMPLEC lteration

« Solve implicitly for the volume fraction fields.
« Solve implicitly for u®, using the old pressure, density, and volume fraction fields.

. Calculate the D% fields.

« Solve the pressure correction equation.

« Correct u®, P, and r ®.

« Solve implicitly the energy equations and update the density fields.
 Return to the first step and iterate until convergence.

The GCBA following PRIME (GCBA-PRIME): Symbolic Form

Predictor:

r&" =H[r] (51)
Ul = HP,[u®"] - ¢ DWN P (52)
Corrector:

0= = 6 4 K¢ p* = pe 4
=u® +u® P =P +P¢
(u(k)¢, pgr (¢ ke Q (53)
Er

(O = p®e 4y (k)¢’ r® = p* 4 I‘(k)¢5

\ u® = HPL UM ]- 19" DORLP = HP,[u® +u - (10" + r)DWR (P +PY (54)
i
: U0 = HP,[U® - U]+ HP,[u®] - 1% DERI,PE- rODWR,P - rDOR, Pe

\ ir®=cpe (55)
I

v aaw . e o)
irl(ak)c - R(Pk)éur (Pk)¢+ DP[(r(k) r (0 u(k)¢)_S+ p(0r 0y (k)zn]z
| dt 2

Condition:

a {1} =ResG, (56)
k
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i a(k)*w C(k) CU
i ¢P P pg+D, [r(k) Uyt Pd &
T g dt 5
I é (k)* (K)o Weas Ny L
LHPU® - u®  +HPU™6 U
\ 3 : Rk)(} (k)r(k) ) 190 ZResG -
6}1 g é r*" DONPE- rDONPE, g j’ P (57)
' N
. ¢ ((k) (k) ) ((k) (k))Od
' {2 e e OMCHTIOA =
X W, + D, [Ir™ r ™ U =
t g dt P P[( )]4)

f 0@ WeClY _— o (oo o OB
ék%Rék)ép - RS+ D, [ U COPY- D[t ¢ (10" DORIPY.S], =

(58)

gﬂf(rg")*r (kr )-dt(rék)f L W, + D, [[r®'r 0y )+ % RESG,

gDP [r(k)*r (k)° (HP[u(k)* _ u(k)O] + HP[u(k)GI] _ r(k)b(k)NP©-S]a|D

Approximation:

Neglect: HP[u®" - u®"], HP[u™®], rY*DNP¢

b u(Pk)c =- r,&k)*ijk)NPPﬂ: (59
Approximate Equation:

3 ! R k)g'(k) W C* P¢+D [r(")*U(k) C(k)pq] P[r(")*r "‘V(r(k)*D(k)NP(I).SEE:
SR P e
} k)* - (k)° Kk k
-8 !Rék)g rdr &0 )' (ré)l‘f:)) W, +D [ Ky ()0 )]%_ RESG,
i@ o

A Global GCBA-PRIME lteration

* Solve explicitly for the volume fraction fields.

* Solve explicitly for u (k) , using the old pressure and density fields.

- Calculate the D fields.

« Solve the pressure correction equation.

« Correct u®, P, 1 and r ®

« Solve implicitly the energy equations and update the density fields.
 Return to the first step and iterate until convergence.

The GCBA following SIMPLEST (GCBA-SIMPLEST): Symbolic Form
Predictor:

e = HR[r T+ HE[r ] (61)
Ul =HP2u®" [+ HPS|u®* |- " DWR P (62)
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Corrector:

(k> — y (k)* k¢ p* = p° &
=u® +u® P =P +pP¢  §
(u(k)c’ Per (k)¢’ rto* k)* k KE (k)™ k)* k o= (63)

0™ = ypo[y, - cly®]. (0 R p*
" = HP2[u®* [+ HPS[u®" |- 1% DWR, P
=HP? [u(k)* +u(")¢]+ HPg [u(")* +u("’¢]- (ré,")* + rF‘,""”)D(Pk’NP(P + P(I)

\ \ . (64)
= HP2 [u®' |+ HP2 [u®+ HPE[u®" |+ HPE [u]
r*"DYNP - rDEN,PE rODYN P - rODYN, PE
i
i . N -
UL = HP[U®T + HPS[U® - u®]- 1" DX ,PE rDOR P - rDOR ,Pe
\ L% = clopg (65)
i
K)* .
T = & Wo e [( )%y (K)o (k)¢) (* [ 1 (k)* (k)¢]9
r -R ro”+ Do [\r™ r *ut ") S+ U™ r :
1P P gT P P <
| 2
Condition:
& i} =ResG, (66)
k
i g2 "W, C ol
i g Py, [r©r % copd+ i
i o
i C N,
L8l ROSD, G0 0 L@AP[u®Y + HPC[u®" -y ]Osuu 3 oeas -
ar ' é - 1% DORPE rODWRPE 5 g i
; i
. ¢ ( (0" (0° ) ( )y (K) )O'd !
' r e e [( Ky (K)° (k)*);|
¥ W, + Dp[\r™ r* U =
t " dt P @
o b @R W,CH ) &
a _|_R(pk)§—P s D, [ U COPG- D,[r®'r @ (0 DORPY g =
k 1 .
\ 3 . e 68
el e o g &
F-0): RESG
ak | P (5: dt _y p
i
1

<D, [r(k)*r""°(HP°[u(")* (91 + HP[U™®*] - “‘"”D(")NPG) S]Eb

Approximation:

Neglect: HPS[u®" - u®*], HP[u®*], rOD©RPe
b U= - (DY, Pe )



1112 OEUITEL U LUISE vall Ul DAsSeEU AIYUI U TUL IVIUTL-FTUIU FIUW dl Al JpeeUs AV

Approximate Equation:

e (Y Yol
) % R(k)(é WeC, P¢+D [r(k)*U(k)*C(k)pq] P[r(")*r (k)°(r(k)*D(k)|§||:>q)_g]gH =
k 1 ;
p 70
o 1 aeér(k)*r(kr)_ (r(k)r(k))o'd ] G (70)
-a ,[Rék)g Lt W, +D, (rrr 0y )| - RESG,
k T y

A Global GCBA-SIMPLEST lteration

« Solve for ¥, treating H Dl_r(k)] implicitly and H lr(k)J explicitly.

« Solve for u®, treating HPDlu(k)J implicitly and HPClu(k)J explicitly.
« Calculate the D® fields.

 Solve the pressure correction equation.

« Correct u®, P, and r ®.

« Solve implicitly the energy equations and update the density fields.

« Return to the first step and iterate until convergence.

The GCBA following PI1 SO (GCBA-PI SO): Symbolic Form

First Predictor:

K _ k)*
r& = H,[r%] (71)
U = HP[u®']- r9" DO, P (72)
First Corrector:
(R — (k)" ®¢ p* — pe 0
(uW oy (0 0 =u® +y®* P =P +P¢ 9 73
0T = p e g p (08 (0 = p0r r(k)‘FEj

\ U = HPU® - 10" DORLP = HPL[u®" +u® - (18 + i DOR, (P + P (74)

1
I * '~
i US* = HP,[u"]- r{"DXN P rfODXN P - rDYN P
I
\ir @ =cpe (75)
I N .
m’(k) W * * * 0
1r(k"” = Rg()é Py [(r(k) r (k’°u(")¢).S+ MONTION" (m]i
! dt p

Condition:

8 {1 =RESG, (76)
k
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, (k" (k) al
R S e .
I B!
W L. Rﬁ,k)gDp[r(k)*r(k)e (HP[u(k)'t]- (' DR Pe r(k)¢D<k)NP(I).S]:'y= RESG, (77)
kT (v old J
()% (K) (k) (K)
'If g+ (rp p )-dt(rp p ) WP+DP[(r‘k)*r(k’°U(k’*)] ;b
e
()* (K)
é.}_R(pk)gp Vc\lltC Pg+D, [r(k) u® pq] D [r(k) CE ((k) D“"NP‘I) S]_y—
k1
\ i © ey (78)
IR S0 ) e Y X
- .I_ P _y-
‘T8, [ (P Y - r9DMRIPY.S] i
Approximation:
Neglect: HP[u®*], r“*D®NP¢
p ul*=-r¥ DN PC (79)
Approximate Equation:
o (K
a Ro B oy o urrcred. o e (erom e -
k
p 1 i (80)
o (0 )y (k)
a!R(k)g{r r ) (rp e ) W, +D [ (k)r(k> Uk )]gJ RESG,
f & dt 3
Second Predictor:
r$" =Hy[r®"] (81)
uék)*** — HP;*[u(k)**] _ rlgk)*** D(PK)**NPP* (82)

Second Corrector:

a(k)**** — u(k)*** + u(k)‘t’ P«k* — P* + Pqp o

(u (08 ey (9% ¢ (k)t)ér T (83)

O (Y (ST (R (i r‘k)“;z

\ uf:)k)**** — HP;’* [u(k)**** ] _ rék)****Dl(Dk)**N P(P* + P@ (84)
ufjk)*** — HP';*[u(k)**] _ rF()k)*** D(Pk)**NPP* (85)

: ul¢=HP, [u"™ - u®7]- (r;k)*** +r§,k)“)Df3k)”N (P* +PtlI)+r(k)“D‘k)”N P

= (HPS U™ -t +u . (OD® R P ¢ DI R, P 1N DX"N,P')

: ¢ = c pg; (86)
|

-ll ¢ >k &- (k)***W a * @ *k *k ¢
brof= - R gp — Py (K% [(r(k) “r (k) u("))S+r“‘) U0 K

0

ﬂ
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Condition:
3 {8 =1- § 19" =RESG, (87)
k k

a(k)***w C(k) Kokk Kkk
¢ " P#+D, [r(k) y®c® P‘d"‘

l Qu
I NI
| g dt —|
| *% (k)*** (k)** (k) . ~ _1
LAPT UM - y®T +u®™ 6 U g
31 RW” gD er(k> r(k)é e o e ©S0 . =RESG,
< 8 - rODORPE- PG g i (88)
i ¥
. ¢ ((k) (k)*)_ ((k) (k))Od
| r r e 'I'p (0 (k)< gy (k= || <
+ W, +D r-u =
t g dt [( )]zb
i al " w,c al
o T oG P+ D [r O U COpd-
a _I_RP dt —y =
k ’:\ gD [r(k)***r (k)* (r(k)***D(k)**NPQ.S] ?‘qo
\ i (ky* (k) k), (k) |Old ol 89
i g{r r )dt(rp ré ) W, +DP[(r(k)“*r“‘)*U(")***)]#T (89)
2 o 5
-aiRe . o +y- RESG,
i Qngr(k)***r(k)*ae"P [u®™ - u® +U(k)¢]0 u =
1 Y é () () H
! < 8 - 1D Pe 5 4 &
Approximation:
Neglect: HP"[u®™ - u®@™ +y®e, rO* D" Npe
b ul®=- DY R, Pe (90)
Approximate Equation:
I @l wL.ew i
o 1o oo P+ D[ UM COPY-
a .|_RP C adt ‘y
k ,:\ 8Dp[r(k)***r (k)* (r(k)“*D(k)**NP@_S] E‘IJ (91)

1 - * Id
-ai iR(k) g e Ty )dt( rer fnk))o W, + Dp[(r(k)***r gyt )]%_ RESG,
k

A Global GCBA-PISO lteration
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+ Solve implicitly for ),

« Solve implicitly for u® using the old pressure and density fields.
« Calculate the D® fields.
« Solve the pressure correction equation.

« Correct U, P, ¥, and 1.

* Solve implicitly the energy equatlon and update the density fields.

« Solve explicitly for .

« Solve the momentum equations explicitly and calculate the D® fields.
 Solve the pressure correction equation.

« Correct U, P, ¥ and 1.

* Return to step one and iterate until convergence

The GCBA following SIMPLEX (GCBA-SIMPLEX): Symbolic Form

Predictor:
Ky — K)*
r = H[r*] (92)
Ul = HP,[u®" ]- 1 DWR P (93)
Corrector:
W= — K L K¢ P = pe 0
(k)¢ (K)e . (k)¢ =u™ +u™L P =P+ Pe 9 A
u ,P¢I’ 1 (K)* (K)o (K)E . (K)** (k)* (Oly ( )
A A S

| Ul = HPLU® ] 9 DONLP = HPL[u® +u]- (19 +(9DOR, (P + P (o5

U0 = HP,[u®*] - 1 DRI, PE- (DR P - rODOR P

D o ——— — —

\ | (k)¢ =Ccp¢ (96)
Irék)‘t =- R(pk)?%r et D, [(r(")*r (k)ou(k)¢)_s+ Oy oy (k)c]g
| 2
Condition:
a ("} = RESG, @7
k
i & w.ck &l
| 9% P¢$+D, [r<k>* u®cl Pa]+ g
I ¢ T
VAt Rék)gDp[f(k)*f(k)°(HPp[u(k’¢]- rO'DYR,PE rDONPYS[Y =RESG,  (98)
kT
|

(k)* . (k)° (k). (k)
¢ (rP e )' (rP le

Pooe

Approximation:

)Old n}
W, + DP[(r‘k)*r ke )] 4

b

dt

Neglect: r{*DEN,P¢ and let
Ul® = HP,[u%] - 1 DOR ,Pe= - r" DS e (99)
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b - ré" DN P¢= HP,[- r¥" DONPY - r{ DO PE

4

(100)

Assume that the pressure difference local to the velocity is representative of all pressure

differencesi.e. HP,[- r'"DONPG = - (N, PYHP,[r® D®* ], thus:

- 8 DYF(N,PY = - (N PYHP,[r " DW] - r" DO (N, PY
b rlgk)*D(Pk)SX - HPP[r(k)*D(k)SX] +rék)*Dék)

Approximate Equation:

} ae(k) (k) &
2 |' (k) WC (K)* 1 1 K)* ~ (k) (K)* - (K)° [ (K)* Py (K)SX - =
& [ROEE P peyp [r0 y®cOpd- D[ (0 DOSpY g, =
1 [ | ( 9.5

8-

b

} (0*p (k). (0 (k) O
-a_!w%*rp T v frore oo |- ress,
f & & :
A Global GCBA-SIMPLEX Iteration

(101)
(102)

(103)

* Solve implicitly for ™,

« Solve implicitly for u®, using the old pressure and density fields.
« Calculate the D“fields.

« Solve implicitly for the D®> fields.

« Solve the pressure correction equation using these D™ fields.
« Correct u®, P, and r ®,

« Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.

The GCBA following SSIMPLEM (GCBA-SIMPLEM): Symbolic Form

First Predictor:

= H 1)

Calculate the coefficients of the momentum equations.
First Corrector:

(K* — (K)o K¢ p* — po -
(k)¢ (k)¢ . (k)¢ =u +u™ P =P +P¢ 9
umr PEr Ty k)* k K)E (k)™ K)* K e+

(104)

(105)

\ U = HPL[u®]- 19 DORLP = HPL[u®" +u®?]- (1% +r*D®R, (P +PY (106)

Ul = HP,[u®|- r¢ DR, P

(107)
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i
u(k)(t HP,[u®]- r{"DYN,PE- r{ODON P - rODWN PE
o= e
:': s OW o)
'}ré’k)‘r - Rgoé P Wp (e p [(r(k) r (k)ou(k)q:)ls_'_ p (0 (k)¢]i
i dt 9

Condition:

3 {r¥ = RESG,
k

(k)* (k) dJ

|
|
1
\ 81-RUMD, [ty o (HP[uW] (" DORIPE r(k”D(k)NPa)s] = RESG,
ko
|
t

=

§+ (rlg "r (Fi() )'dt(rék)r (Fi()) W, +D, [(r(k)*r (k)OU(k)o)] j

5

é}Rf:k)é—P _——P$+D; [rruwrc®pd- p,[rery ©r ((k)*D(k’NP‘I)S]gj =
<

\ i e
: é#rék) ry )' (rék)rf)k)) W, +D [(r(k) ONYICE )] o
- A iRW¢ o - RESG,
A '.Y
k * ° ~ =
% gDP[r(k) r® (HP[u(")¢]- r(k)b(k)NPﬂ).S] qlo
Approximation:
Neglect: HP[u®*], r*D®ONPE
b ul*=-r®pWR, P
Approximate Equation:
} ()" ()
) }R(Pk)g' WeC, P¢+D, [r(k) Uk C(k)pq] P[r(k)*r (k)°(r(k)*D(k)Np©_S]%:
k
b T Old (]
P07 007 ) (rgoy GO o
- ! RGP ) (P P ) W, +DP[(r"" r ® U(k)o)]_%;_ RESG,

i & ot
Second Predictor:

lprk)** = pr[u(k)**] _ rl(:k)"* Dfpk)*NpP*
Second Corrector:

No corrector stage.
A Global MCBA-SIMPLEM lteration

(108)

(109)

(110)

(111)

(112)

(113)

(114)



1112 OEUITEL U LUISE vall Ul DAsSeEU AIYUI U TUL IVIUTL-FTUIU FIUW dl Al JpeeUs LV

+ Solve implicitly for ),

« Calculate the D™ fields based on values from the previous iteration.
« Solve the pressure correction equation.

« Correct u®, P, and r ®.

« Calculate new HP® and D% fields.

« Solve implicitly for u® using the new fields.

« Solve implicitly the energy equations and update the density fields.
* Return to the first step and iterate until convergence.

The Expanded Form of the Pressure-Correction Equation

I1f ), UM and r © denote values from the previous iteration or from a previous corrector step,

the pressure correction equation, applicable to all algorithms, becomes

Y E;H(k)C(k)W
A B M nfprurcrnd- ooy -
k

(115)
SR (e o feoreue ). ress,
kel T 8 dt
The discretization of the above equation yields
ATPE= ATPL+ ATRE + ATPE+ ADPS+ B (116)

where

APe = a R [Gék) +(roc® " u® O"] é Rl(:k)l_q/k) +(r(k)Cr(k)) "- Ul ,0||J

AP = Rpk)[q(k) + <k>c<k> ” Ul 0"] ARt = R(k>[G(k’+( <k>c(k> " Ul 0”]

[o]
a
AT AL AT AT AL
3 Rék)?(k)K(k)Wp +( (k)C(k)) u® +( (k)C(k)) Ul +( (k)C(k)) U +( (k)C(k)) U(k)o
k @

I (I‘ka)r |(3k) ) rék)oldr Ejk)old) i

o= & RY| " j
k

i
i dt y- RESG,
P (nr o sl ou 0o e o,

(117)
Following the calculation of the pressure correction field, ul®r % and r{¥® are obtained

using the following equations
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= F DY, (Y

r ¥ = c®pe (118)

a W o
r{o = prg P - Pp ey DP[(r(k’r (k)u(k)¢)_s+ r oy ®p W]i
4]

The Multi-Grid Strategy

Similar to other iterative methods, the rate of convergence of the solution method described
above does not scale linearly with the grid size, rather the convergence rate decreases more
drastically as the number of grid points increases. This behavior is attributed to the speed at
which the iterative solver transports the boundary information across the domain (e.g. with
SOR one grid point per iteration). Since information has to travel back and forth several
times to achieve convergence, acceleration of the outer iterations through the use of muilti-

grid methods is essential when solving over large grids. The idea underlying the multi-grid
strategy is to use progressively coarser grids to accelerate the convergence rate. In
mathematical terms the low-frequency error components in the finest grid appear on coarser
grids as high-frequency Fourier mode that can be resolved efficiently by iterative relaxation
solvers. In the present work, this strategy is adopted to accelerate convergence and thereby
reduce the overall computational cost. The method used is the FMG-FAS method [56]. For a
review of Multi-grid methods the reader is referred, among others, to [56,57], therefore it is
sufficient here to give a general description of the method used.

The multi-grid algorithm adopted in this work can be summarized as follows. Starting with
the fine mesh, the coarser grid cells are generated through agglomeration of four finer grid
cells, two in each direction. On the other hand, if a finer grid is required, subdividing the
coarser grid control volume into four control volumes, again two in each direction, generates
its control volumes. With the FMG cycle, the agorithm starts at the coarsest level, where the

solution is first computed; this solution is interpolated onto the next finer mesh, where it is
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used as initial guess. This stage is called the prolongation stage (see Fig. 1(b)). Then
iterations are performed on the fine mesh and the solution is transferred back to the coarser
mesh by applying a restriction operator. In order to obtain the same approximation on each
level, aforcing term is added to the discrete conservation equations on the coarser grid. This
term represents the truncation error on the coarse grid with respect to the fine grid. After
performing a number of iterations on the coarse mesh, the solution is transferred back to the
finer mesh in the form of a correction and a number of iterations are performed on the finer
grid to smooth the fields. This process is continued until a converged solution on the fine
mesh is obtained (see Fig. 1(c)). Then the solution is extrapolated to correct the finer mesh
fields, followed by a number of smoother iterations on the finer mesh and the process
repeated until convergence is reached on the desired finest mesh. This strategy has been
applied to both incompressible and compressible supersonic multi-fluid flows and good
savings have been realized as will be shown in the results section.

In the restriction step the coarse grid variables are computed from the fine grid values as.

é-(fFi"'NfF.XdF.C) (119)
while in the brolongation step the fine grid corrections are computed from the coarse grid
vaues as

feg=f¢g+Nfgxd_ (120)
where d is the position vector connecting points C and F; and f £ given by

fe=f.-f, (121)
The specia character of the volume fraction and k-e equations necessitates modification to
the prolongation procedure as described next.

While extrapolating the volume fraction field from the coarse to the fine grid, the
prolongation operator may yield negative volume fraction values or values that are greater

than one. Such unphysical values are detrimental to the overall convergence rate and may
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cause divergence. To circumvent this problem, a simple yet very effective treatment is
adopted: Once the r-values are extrapolated, a check is performed to make sure they are
within bounds. If any of the r-values is found to be unbounded, the r-phasic volume fraction
equation is solved starting with the interpolated values until all of the r-values are within the
set bounds. Typically less than 10 iterations are needed. This treatment has been found to be
very effective and to preserve the convergence acceleration rate. The practices of solving the
volume fraction equations only on the fine grid or forcing the extrapolated unbounded values
to be within the set bounds or discarding corrections that result in unbounded values [57]
proved to be ineffective and slowed the convergence rate considerably.

For the k-e turbulence model, the treatment suggested by Cornelius et a. [58] is adopted.
This approach is based on the observation that the application of wall functions to the coarse
grids would lead to unphysical values because of the relatively large distance between the
wall and the boundary cell center. Thus, at wall boundaries the restricted fine grid values of k
and e are held constant, and hence no corrections are calculated. In order to satisfy the
realizability constraint, the restricted turbulence properties and prolongated correction values
are modified accordingly.

In addition to the FMG strategy, the PG approach is aso tested. This approach differs from
the FMG method in that the solution moves in one direction from the coarse to the fine grids
with the initial guess on level n+1 obtained by interpolation from the converged solution on
level n (Fig. 1(b)). As such, the acceleration over the SG method obtained with this approach

isan indication of the effect of initial guess on convergence.

Results and Discussion

The performance of the various multi-fluid Geometric Conservation Based Algorithms is

assessed in this section by presenting solutions to several one and two-dimensional two-phase
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flow problems. Results are presented in terms of the CPU-time needed to converge the
solution to a set level and of the convergence history. Moreover, solutions are obtained for a
number of grids in order to assess the performance of the various algorithms with increasing
grid density. For the two-dimensiona problems, in addition to the CPU-time needed to solve
a problem using the single grid method (SG), the CPU-time needed using different solution
strategies is also displayed. These include the prolongation scheme (PG) in which the
solution from the next coarser grid is used to provide the initial field, and the full multi-grid
method (FMG). Results are compared against available experimental data and/or
numerical/theoretical values. The residual of a variable f at the end of an outer iteration is

defined as:

AN gAY - BY (122)

c.v al p neighbours

For global mass conservation, the imbalance in mass is defined as:

O Y- (r(op (o .
RES. =4 a |(P ) dgp ") w- D, [r“r ®ut).s]- rOM® (123)
k cuwv.

All residuals are normalized by their respective inlet fluxes. Computations are terminated
when the maximum normalized residual of all variables, drops below a very small number es.
For a given problem, the same value of es is used with all algorithms. In generd, it is found

that requiring the overall mass residuals to be satisfied to within es is a very sringent
requirement and the last to be fulfilled. This is why these residuals are the ones presented
here and used to compare the performance of the various algorithms. In all problems, the first
phase represents the continuous phase (denoted by a superscript (c)), which must be fluid,
and the second phase is the disperse phase (denoted by a superscript (d)), which may be solid
or fluid. Unless otherwise specified the HR SMART scheme is used in al computations

reported in this study. For a given problem, all results are generated starting from the same
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initial guess. Moreover, it should be stated that in iterative techniques, different initial

guesses might require different computational efforts.

One-dimensional two-phase validation problems

Due to the large number of parameters affecting the performance of the various multi-phase
Geometric Conservation Based Algorithms and to allow a thorough testing of these
algorithms, eight one-dimensional two-phase flow problems are considered. These problems
can be broadly classified as: (i) horizontal particle transport, and (ii) vertical particle
transport. Results are presented in terms of the convergence history and the CPU-time needed
to converge the solution to a set level. Predictions are compared against available
numerical/theoretical values.

Despite its geometric simplicity, the one-dimensional particle transport problem can represent
a wide range of physical conditions. The effects of grid refinement on accuracy and
convergence are studied by solving the problems on four grid systems of sizes 20, 40, 80, and
160 control volumes with es assigned the value of 108,

Many runs were performed so as to set the control parameters of each algorithm near
optimum values. To alow a comparative assessment of performance, the CPU times are
reported in the form of charts. Moreover, all CPU times are normalized by the time needed
by GCBA-SIMPLE to reach the set residuals on the coarsest grid.

Horizontal particle transport

The physical situation is depicted in Fig. 1(d). Depending on the set densities, it represents
either the steady flow of solid particles suspended in a free stream of air or the steady flow of
air bubbles in a stream of water. The dip between the phases determines the drag, which is
the sole driving force for the particle-bubble/air-water motion (g=0). In the suspension, the
inter-particle/bubble forces are neglected. Diffusion within both phases is set to zero while

the inter-phase drag force is calculated as:
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3
1 = 3% @ v, U - u®) (124)
8r,
3
1@ = 8CD @ OV, (WD u©) (125)
P
sI|p _”u(d) - U(C)” (126)

The drag coefficient, G, is set to 0.44. Since phasic diffusion is neglected, the GCBA-
SIMPLEST and GCBA-PRIME becomes identical and reference will be made to GCBA-
SIMPLEST only. The task is to calculate the particle/bubble-velocity distribution as a
function of position. If the flow field is extended far enough (here computations are
performed over a length of L=2m), the particle/bubble and fluid phases are expected to
approach an equilibrium velocity given by:

(C) (c) (d) (d)
equlllbrlum |n|etV|nIet |nIetV|nIet

U (227)
Problem 1: Dilute gas-solid flow

The steady flow of dilute particles suspended in a free stream of air is studied first. At inlet,
the air and particle velocities are 5 m/s and 1 m/s, respectively. The physical properties of the

two phases are: 1 /r(® =2000, r, =1 mm, r{y, =10"°. Due to the dilute concentration of

the particles, the free stream velocity is more or less unaffected by their presence and the
equilibrium velocity is nearly equal to the inlet free stream velocity. Based on this
observation, Morsi and Alexander [59] obtained the following analytical solution for the

particle velocity U as a function of the position x and the properties of the two phases:

This case is of particular importance since the flow situation has an exact solution. As shown
in Fig. 2(a) the predicted particle velocity distribution falls on top of the analytical solution
given by Eq. (128), which is an indication of the accuracy of the numerical procedure. The
convergence histories of the various GCBA over the four grid networks used are displayed in

Figs. 2(b)-2(h). For all agorithms, the required number of iterations increases as the grid size
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increases, with PISO (Fig. 2(b)) requiring the minimum and SIMPLEST/PRIME (Fig. 2(f))
the maximum number of iterations on all grids. The convergence histories of SIMPLE,
SIMPLEC, SIMPLEM, and SIMPLEX (Figs. 2(c), 2(d), 2(e), and 2(g), respectively) are very
similar with SIMPLEM (Fig. 2(e)) requiring the lowest number of iterations. The
convergence paths of the various algorithms over a grid of size 80 C.V. are compared in Fig.

2(h) and the above observations are easily inferred from the figure.

Problem 2: Dense gas-solid flow
The only difference between this case and the previous one is in the concentration of

particles, which is set to r'9, =102, Despite the low value of the inlet disperse phase volume

fraction, the ratio of disperse phase and continuous phase mass loadings is large
r'r @/ r©Or© =20, Thus the disperse phase carries most of the inertia of the mixture. The
equilibrium velocity in this case, as obtained from Eq. (127) is 4.96 m/s as compared to
4.99996 m/s in the previous case. Due to this dight difference between the inlet air velocity
and the fina equilibrium velocity, the free stream velocity may be assumed to be nearly
constant and the variation in particle velocity can be obtained again from EQ. (128). The
predicted air and particle velocity distributions are displayed in Fig. 3(a). The numerical and
analytical particle velocity profiles are indistinguishable and fall on top of each other.
Moreover, the dight decrease in the air velocity can be easily depicted. The convergence
paths for all algorithms and over all grid systems used are displayed in Figs. 3(b)-3(h). In
genera, higher number of iterations is required to reach the desired level of convergence on a
given grid as compared to the dilute case due to the increased importance of the inter-phase
term. The general convergence trend is similar to that of the dilute problem with PISO
requiring the minimum and SIMPLEST the maximum number of iterations. The SIMPLEM
algorithm (Fig. 3(e)) is seen to require a dightly lower number of iterations on the finest grid

as compared to SIMPLE (Fig. 3(c)), SIMPLEC (Fig. 3(d)), and SIMPLEX (Fig. 3(c)). As
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depicted in Figs. 3(f) and 3(h), the performance of SIMPLEST/PRIME is poor as compared

to other algorithms for the same reasons stated above.

Problem 3: Dilute bubbly flow

For the same configuration displayed in Fig. 1(d), the continuous phase is considered to be
water and the disperse phase to be air. The resulting flow is denoted in the literature by
bubbly flow. With the exception of r'@/r© =10°and at inlet r'{, =0.1, other physical
properties and inlet conditions are the same as those considered earlier. This is a strongly
coupled problem and represents a good test for the numerical procedure and performance of
the algorithms. The correct physical solution is that the bubble and continuous phase
velocities both reach the equilibrium velocity of 4.6 m/s (Eq. (127)) in a distance too small to
be correctly resolved by any of the grid networks used. Results for this case are presented in
Fig. 4. Axial velocity distribution for both water and air are displayed in Fig. 4(a). As
expected, both phases reach the equilibrium velocity of 4.6 m/s over a very short distance
from the inlet section and remain constant afterward. The relative convergence characteristics
of the various agorithms remain the same. However, all algorithms require larger number of
iterations as compared to the dilute gas solid flow case due to the stronger coupling between
the phases. Consistently, the PISO (Fig. 4(b)) and SIMPLEST/PRIME (Fig. 4(f)) algorithms
need the lowest and highest number of iterations, respectively. As in the previous two cases,
the convergence attributes of SIMPLE (Fig. 4(c)), SIMPLEC (Fig. 4(d)), SIMPLEM, and
SIMPLEX (Fig. 4(g)) are very similar with SIMPLEM consistently requiring a lower number
of iterations. The large difference in performance between SIMPLEST/PRIME and the

remaining algorithmsis clearly demonstrated in Fig. 4(h).

Problem 4: Dense bubbly flow

The only difference between this case and the previous one is in the concentration of bubbles,

which is set to r{{, =0.5. With such high value of void fraction, bubble coalescence may
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occur. However, this is not accounted for here. The analytical solution is the same as in the
previous case with the equilibrium velocity, as computed from Eq. (127), being 3 m/s. As
depicted in Fig. 5(a), the equilibrium velocity obtained numerically is exact. With the
exception of requiring higher number of iterations to reach the desired level of convergence,
the performance of the various agorithms (Figs. 5(b)-5(h)) vary relatively in a manner

similar to what was previously discussed and deemed redundant to be repeated.

CPU time: Horizontal particle transport

The normalized CPU efforts required by the various algorithms over al grids are depicted in
Fig. 6. The charts clearly show that the CPU time increases with increasing grid density. For
the dilute gas-solid problem (Fig. 6(a)), it is hard to see any noticeable difference in the CPU
times for SSIMPLE, SIMPLEM, and SIMPLEX. The SIMPLEC and PISO agorithms require
dightly lower and higher computational efforts, respectively, as compared to SIMPLE. The
worst performance is for SIMPLEST which degenerates to PRIME in the absence of
diffusion and results in a fully explicit solution scheme. For the dense gas-solid flow (Fig.
6(b)), the computational times needed by SIMPLE, SIMPLEC, SIMPLEM, and SIMPLEX
are nearly identical. PISO, however, requires higher computational effort (50% more than
SIMPLE on the finest meshes (80 and 160 C.V.)). The computational effort needed by
SIMPLEST/PRIME is however the most extensive and is nearly 500% the one needed by
SIMPLE on the finest mesh.

The normalized CPU time of SIMPLEST/PRIME for the bubbly flow problems (Figs. 6(c)
and 6(d)) is lower than in the previous two problems due to a higher rate of increase in the
time needed by other agorithms (the computational time of all algorithms has increased).
The relative performance of the various algorithms is nearly as described earlier with the time
required by of PISO, SIMPLE, SIMPLEC, and SIMPLEX being on average the same. The

SIMPLEST/PRIME algorithm however, requires nearly 50% more time than SIMPLE, which
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represents a noticeable improvement. The best performance for the dense bubbly flow
problem is for SIMPLEM, which requires about 50% less effort on the finest mesh than
SIMPLE.

Vertical particle transport

Here, the flow isin the vertical direction (Fig. 1(d)), the gravitational acceleration is assigned
the constant value of g=10 m/s?, and the flow field is extended over a length of L=20m. For
this situation, the velocities of the two phases do not reach an equilibrium value. Rather, the
disperse phase equilibrates to a finite settling velocity relative to the continuous phase, at
which the gravitational force balances the drag force [59]. As for the horizontal transport
problems, the inter-particle/bubble forces are neglected. However, unlike the previous
situation, diffusion in the continuous phase is retained. Moreover, the inter-phase drag force
Is calculated using Egs. (124)-(126) and the drag coefficient, Cp, is considered to be particle

Reynolds number dependent and calculated as:

24 B 2rpVSlip
Co —R—+O.44, Re, = G

p

Since diffusion in the continuous phase is not neglected, GCBA-SIMPLEST and GCBA-

(129)

PRIME are expected to behave differently.

Problem 5: Dilute gas-solid flow

The material properties and boundary conditions considered for this case are given by:

r@/r©=1000, 3 =10°, r =1 mm (130)

tp

V), =100m/s, V%, =10m/s 1%, =10°° (131)

inlet ' Vinlet inlet

The large velocity boundary condition is used to ensure that the solid phase does not exit the
inlet. The predicted air and particle velocity distributions depicted in Fig. 7(a) are in excellent
agreement with similar predictions reported in [60]. As shown in Figs. 7(b)-7(h), the mass
residuals tend to dightly increase at the beginning of the iterative process, stagnate over a

number of iterations (this number increases with increasing grid size), and then decrease
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rapidly to the desired level of convergence. This behavior is aso true for the horizontal case
discussed earlier and is attributed to the approximations introduced to the pressure correction
equation especially with regard to neglecting second order correction terms, which may be
important at the beginning of the iterative process. Once these neglected terms become
unimportant, the rate of convergence increases drasticaly. Retaining these terms could
improve the convergence rate but this has not been considered in this work.

As depicted in Fig. (7), the number of iterations needed to converge the solution to the
desired level is very close to that needed in the similar horizontal transport case. This is
equaly true with regard to the relative performance of the various agorithms. The
performance of SIMPLEST (Fig. 7(f)) and PRIME (Fig. 7(Q)) is very close due to the fact
that the implicitness introduced by the diffusion of the continuous phase does not seem to be
that important. However, both require on the finest mesh almost 430% the number of
iterations needed by SIMPLE. The number of outer iterations needed by SIMPLEX and
SIMPLEC is very close to that of SIMPLE, while SSIMPLEM entails lower number of

iterations. Again, PISO requires the lowest number of iterations.

Problem 6: Dense gas-solid flows

The material properties and boundary conditions are similar to the previous case with the
exception of the particles volume fraction, which is set to !, =10%. Predicted air and
particle velocity profiles are displayed in Fig. 8(a) while mass residuals are presented in Figs.
8(b)-8(h). Higher number of iterations is needed in comparison with the dilute case due to the
higher mass-loading ratio. Besides that, the convergence behavior is similar to the previous
cases with SIMPLEST (Fig. 8(f)) and PRIME (Fig. 8(g)) requiring the highest number of
iterations and PISO (Fig. 8(b)) the lowest number of iterations. The number of iterations

needed by SIMPLE, SIMPLEC, and SIMPLEX (compare Figs. 8(c), 8(d), and 8(h)) is very
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close. The SIMPLEM agorithm (Fig. 8(e)) needs about 25% less iterations than SIMPLE

(Fig. 8(c)) on the finest mesh.

Problem 7: Dilute bubbly flows

In this problem, the continuous phase is water and the disperse phase is air. With the

exception of r@/r(® set to 103, U® =U® =1, and 1!, to 0.1 at inlet, other physical
properties and inlet conditions are the same as those considered earlier. This is a very
difficult problem to get convergence to unless the proper under-relaxation is used. By starting
with relatively high under-relaxation factors, the number of iterations needed with al
algorithms was found to be very high. In order to get feasible solutions, the under-relaxation
factors during the first 20 iterations were set to 0.05 and then increased to the desired values.
This was found to greatly improve the convergence rate and to generate solutions with nearly
the same computational effort needed in the previous cases. In addition, this treatment has
improved the performance of SIMPLEST and PRIME dramatically and has decreased their
required number of iterations to values similar to those needed by other algorithms (Figs.
9(b)-9(h)). In fact, SIMPLEST and PRIME are performing dlightly better than SIMPLE for

this particular problem. Overall, none of the algorithms shows an outstanding superiority in

performance over others.

Problem 8: Dense bubbly flows

(d)
inlet

With the exception of setting r, .., to 0.5, the physical situation, material properties, and
boundary conditions are the same as in the previous problem. Results for the problem are
presented in Fig. 10. It was possible to get feasble solutions (i.e with reasonable
computational time) only when under-relaxing by inertia (i.e. through the use of false time
steps). For the results presented in Fig. 10, a time step Ot) of value 10* s is used for the

velocity field of the dispersed gas phase, Dt=1 s for the volume fractions, and Dt=0.01 s for
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the velocity field of the liquid phase for the grids of sizes 20 and 40 C.V. and Dt =0.05 for al
variables and for both phases with the dense grids (i.e. 80 and 160 C.V.). The predicted liquid
and gas velocity distributions, which are in excellent accord with published data, are depicted
in Fig. 10(a). The trend of convergence (Figs. 10(b)-10(h)) is different than what has been
presented so far with al algorithms, except PISO, requiring nearly the same number of
iterations and behaving in amost the same manner. It is aso noticed that the number of
iterations needed on the finest mesh is smaller than the numbers needed on the grids of sizes

40 and 80 C.V. Nevertheless, it was possible to obtain solutions with all GCBA algorithms.

CPU time: Vertical particle transport

The normalized CPU times for the vertical particle transport problems are displayed in Fig.
11. As in the horizontal case, the CPU time increases with increasing grid density. For the
gas-solid flow problems (Figs. 11(a) and 11(b)), the relative performance of the various
algorithms is similar for both dilute and dense concentration of particles. For the dilute case
(Fig. 11(a), the efficiency of PRIME is dightly better than SIMPLEST (due to the use of an
explicit algebraic-equation solver), both however are about four times more expensive than
al other algorithms whose performance is very comparable (i.e. of the same order of
magnitude) with SIMPLEM being the least expensive (7% less than SIMPLE on the finest
mesh) and PISO the most expensive (9.5% more than SIMPLE on the finest mesh). The same
is true for the dense gas-solid case (Fig. 11(b)) with the performance of SIMPLE, SIMPLEC,
SIMPLEM, SIMPLEX, and PISO being closer.

For the vertical bubbly flows, a noticeable change in the normalized time chart (Figs. 11(c)
and 11(d)) is depicted, with the performance of SIMPLEST and PRIME showing good
improvements while the performance of the remaining algorithms deterioration. As depicted,
the CPU times needed by the various algorithms are of the same order of magnitude with

SIMPLEM being slightly more expensive.
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By comparing the behavior of the various algorithms in al problems, it is clear that the
performance of SIMPLE, SIMPLEC, SIMPLEM, SIMPLEX, and PISO is consistent and
require, on average, the least computational effort. The performance of the SIMPLEST and
PRIME algorithms was comparable to SIMPLE for upward bubbly flows only and they were,
in genera, the most expensive to use on all grids and for all physica situations presented
here. Most importantly however, is the fact that al these algorithms can be used to predict

multi-phase (in this case two-phase) flows.

Two-dimensional two-phase validation problems

In this section, four two-dimensional two-phase flow problems are solved. The first two
problems deal with incompressible turbulent flows while the last two problems are concerned
with compressible flows.

Problem 1: Turbulent upward bubbly flow in a pipe

Many experimental and numerical studies involving the prediction of radia phase
distribution in turbulent upward air-water flow in a pipe have appeared in the literature [61-
68]. These studies indicated that the lateral forces that most strongly affect the void
distribution are the latera lift force and the turbulent stresses. As such, in addition to the
usual drag force, the lift force is consdered as part of the interfacial force terms in the

momentum equations. In the present work, the interfacial drag forces per unit volume are

given by:

() =- ()8 = 0.375%r Or@ray, (u®- u®) (132)
p

() =-(%, )8 = 0.375%r Or@pey, (V@ - v©) (133)

p
where 1, is the bubble radius. The drag coefficient G varies as a function of the bubble

Reynolds and Weber numbers defined as:
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where s, the surface tension, is assigned a value of 0.072 N/m for air-water systems. The

slip

drag coefficient is computed using the following correlations [69,70]:
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Many investigators have considered the modeling of lift forces [69-71]. Based on their work,
the following expressions are employed for the calculation of the interfacial lift forces per

unit volume;

(1) =- (1) =CrOr@u@ - u@ k(fixu®) (136)

L
where C; istheinterfacial lift coefficient calculated from:

C,=C, - 278(02,r®)) (137)
where (a by denotes the minimum of aand b and Cy, is an empirical constant.
The effect of bubbles on the turbulent field is very important. In this work, turbulence is

assumed to be a property of the continuous liquid phase (c) and is computed by solving Egs.

(4) and (5) with 11 and 1% given by [69]:

. € am90 . U
|(k<:) — N-@' (et gk(C)Nr(C)l;H r(C)pb (138)
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I(eC) — Ng— (o) t :e(C)Nr(C) :+ r(C)ClePb k(c) (139)
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where s, is the turbulent Schmidt number for volume fractions, and R, is the production rate

of k© by drag due to the motion of the bubbles through the liquid and is given by:

0.375C,Cpr Or@rOvye
P, = (140)

o

In EQ. (140) G, is an empirical constant representing the fraction of turbulence induced by
bubbles that goes into large-scale turbulence of the liquid phase. Moreover, as suggested in
[69], the flux representing the interaction between the fluctuating velocity and volume
fraction is modeled via a gradient diffusion approximation and added as a source term in the
continuity (N.(r(k’D(k)Nr"")) and momentum (N.(r“‘)D("’u“‘)Nr(k))) equations with the

diffusion coefficient D given by:

n®
S

D™ = (141)

r

The turbulent viscosity of the dispersed air phase (d) is related to that of the continuous phase

through:
ne©

n® =t (142)
S f

where s, is the turbulent Schmidt number for the interaction between the two fluids. The
above described turbulence model is a modified version of the one described in [69] in which
the turbulent viscosities of both fluids are allowed to be different in contrast to what is done
in [69]. This is accomplished through the introduction of the s, parameter. As such, different
diffusion coefficients (D™) are used for the different fluids. Results are compared against the
experimental data reported by Seriwaza et al [61].

In the Seriwaza et a experiment [61], the Reynolds number based on superficia liquid
velocity and pipe diameter is 8x10%, the inlet superficial gas and liquid velocities are 0.077
and 1.36 mV/s, respectively, and the inlet void fraction is 5.36x10 with no dip between the

incoming fluids. Moreover, the bubble diameter is taken as 3 mm [69], while the fluid
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properties are taken asr (9=1000 Kg/n?, r @=1.23 Kg/n?, and n“= 10 nf/s. The constants

in the model were set to: C1,=0.075, st=0.5, s,=0.7, and C,=0.05. Predicted radial profiles of
the vertical liquid velocity and void fraction presented in Fig. 12 using a grid of size 96x32
control volumes concur very well with measurements and compare favorably with numerical
profiles reported by Boisson and Malin [69]. As shown, the void fraction profile indicates
that gas is taken away from the pipe center towards the wall. This is caused by the lift force,
which drives the bubbles towards the wall.

Having established the credibility of the physical model and numerical procedure, the next
task is to assess the merits of the various agorithms for such flows. For that purpose
calculations are performed using the SG, PG, and FMG strategies for all agorithms. Results
are displayed in the form of (i) total mass residuals summed over both phases as a function of
outer iterations (Fig. (13)), and (ii) normalized CPU time (Table 1) needed for the maximum
normalized residual of all variables and for all phases to drop below es=10°.

As can be seen from Fig. 13, it is possible to converge the solution to the desired level with
al algorithms. With the exception of PISO (Fig. 13(a)), the convergence characteristics of all
algorithms (Figs. 13(b)-(g)) are very similar with PRIME, as expected, requiring the largest
number of iterations. The PG method reduces, on average, the number of iterations in
comparison with the SG method by about 20%. On the other hand, the FMG method results
in a 50% reduction in the number of outer iterations. The use of 3 and 4 levels for both PG
and FMG methods does not seem to have any effect on solution acceleration for al
algorithms except PISO, for which the use of 4 levels with the FMG method increases the
number of outer iterations considerably and results in a kind of oscillations (Fig. 13(a)). The
convergence histories of all agorithms with the FMG method on 3 levels presented in Fig.

13(h) confirm once more the af orementioned observations.
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In Table 1, the normalized CPU-times (i.e. CPU-time divided by the time needed by SIMPLE
on the coarsest grid) required by the different algorithms to converge the solution to the
desired level with the various methodologies are presented. For the SG method, the CPU-
time on two different grids of sizes 48x16 and 96x32 C.V. are presented. As expected, the
CPU effort increases for al algorithms with increasing the grid size. The PG and FMG
solutions are for a grid of 96x32 C.V. using 3 (96x32, 48x16, and 24x8 C.V.) and 4 (96x32,
48x16, 24x8, and 12x4 C.V.) grid levels.

The CPU times of SIMPLE, SIMPLEC, and SIMPLEX are very close on al grids and for all
methods with no clear superiority of any agorithm over the others. The performance of
SIMPLEST, SIMPLEM, and PRIME is very close with SIMPLEST and PRIME being the
least expensive using the SG and PG methods, respectively. With the FMG method, the
PRIME algorithm is the most expensive with no clear superiority of SIMPLEST over
SIMPLEM and vice versa. The performance of PISO with the SG and PG methods is very
close to that of the SIMPLE algorithm. With the 4 levels FMG method however, its
performance is highly unexpected necessitating higher computational effort than the SG
method and may be caused by the additional explicitness introduced by the PRIME step. The
use of the multi-grid method reduces the computational cost, on average, by about 45% (i.e.
the FMG method is almost twice as fast as the SG method) while the use of the PG method
results in a reduction of about 15%, both in comparison with the SG method. Moreover, with
the FMG method, the least computational effort is obtained with SIMPLEC, which is about
0.7% less expensive than SIMPLE. Excluding PISO, the most expensive algorithm with the
FMG is PRIME, which requires 27% more time than SIMPLE.

Problem 2: Turbulent air-particleflowin a vertical pipe

Here, the upward flow of a dilute gas-solid mixture in a vertica pipe is smulated. Asin the

previous problem, the axi-symmetric form of the gas and particulate transport equations are
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employed. As reported in several studies [72-74], the effects of interfacial virtual mass and
lift forces are small and may be neglected and the controlling interfacial force is drag

(Harlow and Amsden [75]), which is given by:

(35 =) =252 orov, uo - o) (143)
8 r

1) =150 =20 ooy

p
whererp, represents the particle’s radius, Cp the drag coefficient computed from:

(V@ - v) (144)

slip

: =2 forRe, <1
. Re
|
I 24 0.687
i Co =——(1+0.15Re%*")  forl< Re, <1000 (145)
i ® " Re P
p
: C, =044 for Re, >1000
i

and Rep, the Reynolds number based on the particle size as defined in Eq.(134).

As before, turbulence is assumed to be a property of the continuous gas phase (c) and is
predicted using a two-fluid k-e model. Several extensions of the k-e model for carrier-phase
turbulence modulation have been proposed in the literature [50-55] and the one suggested by
Chen and Wood [52], which introduces additional source terms into the turbulence transport
equations, is adopted here. Thus, the turbulent viscosity is computed by solving the
turbulence transport equations (Egs. (4) and (5)) for the continuous phase with

119 and 1% evaluated using the following relations [52]:

© @ (@) K & '0'08257[)9

10 =-2r @@ __G ¢ i (146)
ty § p
©
e

19 = 2 @@ (147)

p
where t, and t are timescales characterizing the particle response and large-scale turbulent

motion, respectively, and are computed from:
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|

i k © (149)
i
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with Fp being the magnitude of the inter-fluid drag force per unit volume. The turbulent eddy
viscosity of the dispersed phase (d) is considered to be a function of that of the continuous
phase and is computed using Eq. (142).

The above-described model is validated against the experimenta results of Tsuji et a [72].
Results are replicated here for the case of an air Reynolds number, based on the pipe diameter
(of value 30.5 mm), of 3.3x10* and a mean air inlet velocity of 15.6 m/s using particles of
diameter 200 nm and density 1020 Kg/nT. In the computations, the mass-loading ratio at
inlet is considered to be 1 with no slip between the fluids, and s and s, are set to 5 and 10'°,
respectively (i.e. the interaction terms included for bubbly flows are neglected here). Figure
14 shows the fully developed gas and particles mean axial velocity profiles generated using a
grid of size 96x40 C.V. It is evident that there is generaly a very good agreement between
the predicted and experimental data with the gas velocity being dightly over predicted and
the particles velocity dightly under predicted. Moreover, close to the wall, the model
predictions indicate that the particles have higher velocities than the gas, which is in accord
with the experimental results of Tsuji et a. [72].

Having checked the correctness of the physica model and numerical procedure, the problem
Is solved using the SIMPLE, SIMPLEC, SIMPLEX, and SIMPLEST multi-fluid algorithms
and the SG, PG, and FMG solution methods. As in the previous problem, results are
displayed in the form of (i) total mass residuals summed over both phases as a function of
outer iterations (Fig. (15)), and (i) normalized CPU time (Table 2) needed for the maximum

normalized residual of all variables and for all phases to drop below es=10°.



1112 OEUITEL U LUISE vall Ul DAsSeEU AIYUI U TUL IVIUTL-FTUIU FIUW dl Al JpeeUs “+1

Mass residual plots presented in Fig. 15 indicate a similar convergence behavior for al four
algorithms with very close number of outer iterations to achieve the desired level of
convergence (i.e. within 50 outer iterations). It is hard to see any noticeable difference
between the 3 and 4 levels with both the PG and FMG methods. The decrease in the number
of iterations with the PG method over the SG method is smaller than the decrease obtained
with bubbly flows. This lower effectiveness of the PG method is due to the following reason.
In solving the problem, it is noticed that the initial guess greatly affects the convergence
history and time required to converge the solution to the desired level. Except when solving
on the finest mesh with the SG method, the initid guess used for the velocity field is
U9=u9=1 m/s. The use of this initial value with the SG method on the finest mesh greatly
increased the CPU effort needed over the one needed when starting with an initia field of
U9=u9=15.6 m/s. To reduce cogt, the latter initial guess is used. For this reason the mass
residuals start from somehow a lower value than expected and the PG method appears to be
less effective. The FMG method reduces the number of outer iterations by about 53% over
the SG method, which indicates a good capability to dea with the added non-linearity of
multiphase flows.

The normalized CPU-times presented in Table 2 reflects the above stated behaviors with the
time required when using the PG method being very close (dlightly higher, except with
SIMPLEM it is dightly lower) to the time needed with the SG method. The FMG method
reduces the cost, on average, by about 40 %. The least computational effort is accomplished
with SIMPLE while SIMPLEM is the most expensive with al methods (23% more expensive
than SIMPLE with the FMG on 3 levels).

Problem 3:Compressible dilute air-particle flow over aflat plate

As has been demonstrated in several studies [76-82], two-fluid flow greatly changes the main

features of the boundary layer over aflat plate. Typically, three distinct regions are defined in
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the two-fluid boundary layer (Fig. 16), based on the importance of the slip velocity between
the two fluids: a large-dlip region close to the leading edge, a moderate-dip region further

down, and a small-dip zone far downstream. The characteristic scale in this two-fluid flow

problem is the relaxation length | ¢ [79], defined as:

(d) 2
_2rruy
9 n?

where u, is the free stream velocity. The three regions are defined according to the order of

| (149)

magnitude of the slip parameter x* = x/1 .. In the smulation, the viscosity of the fluid is

considered to be a function of temperature according to [79]:

O o8
o = M, 2 (150)

Tref (4]
where the reference viscosity and temperature are meg=1.86x10° N.s/n? and T,¢=303 °K.

Drag is the only retained interfacia force as it dominates the other interfacial forces. It is

computed as [79]:

(1) = (1)@ = g%r‘d)rﬁ” [0 - u@) (151)
p
(m )(Dc) _ (m)gﬂ - g%r(d)n{c) (V(d) i V(c)) (152)

p
where the drag coefficient is given by:
1 7
C, =—Re_+—Re"® 153
o =55 et e (153)
In the energy equation, heat transfer due to radiation is neglected and only convective heat

transfer around an isolated particle is considered. Under such conditions, the interfacial terms

in the gas (¢) and particles (d) energy equations reduce to [79]:

1 =Q,., +F, ,u (154)

1@ = Q,, (155)

where:
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x \©). (9.
Fy-p =('M)D '+('KA)D J (156)
1 1
Nu=2.0+0.6Re? (Pr )z (157)
3r 9 ONu ¢
Qqp =5 (1~ T¢) (158)

p
In the above equations, Nu is the Nusselt number, Pr© the gas Prandtl number, | © the gas

thermal conductivity, T the temperature, and other parameters are as defined earlier.

In the simulation, the particle diameter, particle Reynolds number, material density, Prandtl
number, and mass load ratio are set to: 10 nm, 10, 1766 kg/n?, 0.75, and 1 respectively. The
wall boundary is treated as a no-dip boundary for the gas phase (i.e. both components of the
gas velocity are set to zero), and as a dip boundary condition for the particles phase (i.e. the
normal fluxes are set to zero). In order to bring all quantities to the same order of magnitude,

results are displayed using the following dimensionless variables:

x*:%,y*:%@,u*:i,v*:é@ Re:“:Le (159)
Figure 17 shows the results for the steady flow obtained on a rectangular domain with a mesh
of density 104x48 C.V. stretched in the y-direction. The figure depicts the development of
gas and particles velocity profiles within the three regions mentioned earlier. In the near
leading edge area (x*=0.1), the gas velocity is adjusted at the wall to obtain the no-dip
condition as for the case of a pure gas boundary layer. The particles have no time to adjust to
the local gas motion and there is a large velocity dip between the fluids. In the transition
region (x*=1), significant changes in the flow properties take place. The interaction between
the fluids cause the particles to sow down while the gas accelerates. In the far downstream
region (x*=5), the particles have ample time to adjust to the state of the gas motion, the dip is

very small, and the solution tends to equilibrium. These results are in excellent agreement

with numerical solutions reported by Thevand et a. [82] (Fig. 17).
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Asintest 1, the problem is solved using al multi-fluid algorithms and the SG, PG, and FMG
solution methods. Results are displayed in the form of total mass residuals (Fig. 18) and
normalized CPU time (Table 3) with e=10°.

Plots presented in Fig. 18 indicate that it is possible to converge the solution to the desired
level with all algorithms. As depicted in figure 18(a), PISO requires the least number of outer
iterations. This, however, is not associated with the lowest computational effort due to the
higher cost per iteration in comparison with other algorithms. The convergence
characteristics of SIMPLE (Fig. 18(b)), SIMPLEC (Fig. 18(c)), SSMPLEM (Fig. 18(d)), and
SIMPLEX (Fig. 18(g)) are very similar, requiring nearly the same number of outer iterations
with the SG, PG, and FMG methods. The number of iterations required by PRIME (Fig.
18(f)) with the SG method is higher than SIMPLEST (Fig. 18(e)). With the FMG method
however, the performance of the two algorithms is very close with that of PRIME being
dightly better. In general, the use of the PG method reduces the number of outer iterations, as
compared to the SG method, by over 40% with all algorithms whereas the use of the FMG
method reduces it by over 64%. Fig. 18(h) indicates that when using the FMG method on 3
levels PISO requires the lowest number of iterations followed by SIMPLEM, SIMPLEC,
SIMPLEX, SIMPLE, PRIME, and SIMPLEST. With the number of iterations needed by
SIMPLEST and PRIME being very close and nearly double the number needed by SIMPLE.
It should be clarified that the displayed numbers of iterations represent those needed for the
mass residuals to be reduced to the desired level. The CPU-times however represent the
computational effort needed to reduce the maximum residuals to the desired level. In some
cases, even though the mass residuals may become below the desired value, other residuals
could still be above that value. Thisis why, for example, the CPU time needed by SIMPLE is
lower than that needed by SIMPLEC (Table 3) even though Fig. 18(h) indicates that the

number of iterations needed by SIMPLEC to reduce the mass residuals to below es is lower.
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In Table 3, the normalized CPU-times required by the different algorithms to solve the

problem with the various methodologies are presented. For the SG method, the CPU-time on
two different grids of sizes 52x24 and 104x48 C.V. are presented. As expected, the CPU

effort increases for all algorithms with increasing the grid size. The PG and FMG solutions

are for a grid of 104x48 C.V. using 3 (104x48, 52x24, and 26x12 C.V.) and 4 (104x48,

52x24, 26x12, and 13x6 C.V.) grid levels. The SIMPLE agorithm appears to be the most

efficient requiring the least computational effort on al grids and with al methods. The
performance of SIMPLEC and SIMPLEX isthe closest to SIMPLE especially with the multi-

grid method. SIMPLEST and PRIME are the most expensive to use with SIMPLEST
performing better with the SG and PG methods (PRIME requires 170% more time than
SIMPLE on the dense grid with the SG method while SIMPLEST requires 54% additional
time). PISO is more expensive than SIMPLE on al grids and with all methods (it requires
15% more time than SIMPLE on the dense grid with the SG method and 56% more time with
the FMG on 3 levels).

Problem 4. Inviscid transonic dusty flow in a converging-diverging nozzle

The last test considered deals with the prediction of supersonic dilute air-particle flow in an
axi-symmetric converging-diverging rocket nozzle. Severa researchers have anayzed the
problem and data is available for comparison [83-92]. In most of the reported studies, a
shorter diverging section, in comparison with the one considered here, has been used when
predicting the two-fluid flow. Two-fluid flow results for the long configuration have only
been reported by Chang et.al. [87]. The flow is assumed to be inviscid and the single-fluid
flow results are used as an initial guess for solving the two-fluid flow problem. The physical
configuration (Fig. 19) is the one described in [87]. The viscosity of the fluid varies with the

temperature according to Sutherland’s law for air:
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. T(C)JT(C)

m® =1.458x10°
TO +110.4

The coupling between gas and particle phases is through the interfacial momentum and

(160)

energy terms. The force exerted on a single particle moving through a gas [88] is given as.

£ = prf ot [ - u©) (161)

f, = 6pr fon® (v - v©) (162)
so that for N particles in a unit volume the effective drag force is

(8 =) =Z et -u) =
P
(=) =3t - ) ey

P

where fp is the ratio of the drag coefficient Cp to the stokes drag Cpp=24/Rep and is given by
[87]

0.0175Re
f, =1+0.15Re2*"+ —®__ Re, <3x10° (165)
1+4.25x10° Re,

The heat transferred from gas to particle phase per unit volume is given as [88]

(d)
Q,, zr | ONU(T® - TO) (166)
I

P
Wherel © s the thermal conductivity of the gas and Nu the Nusselt number, which is written

as[89]

Nu = 2+0.459Re%% Pr % (167)
The gas-particle inter-fluid energy term is given by
3r¥
1© = n@( (@ _ (c))u +__ MC’( @ _ O )Vd +2 ‘C)Nu(T(d) ] T(c)) (169)
2 2 212 21,
1O = 3% ong fro. To) (169)
2 M

where the first two terms on the right-hand side of equation (168) represent the energy

exchange due to momentum transfer.



1112 OEUITEL U LUISE vall Ul DAsSeEU AIYUI U TUL IVIUTL-FTUIU FIUW dl Al JpeeUs I

The physical quantities employed are similar to those used in [87]. The gas stagnation
temperature and pressure at inlet to the nozzle are 555 °K and 10.34x10° N/, respectively.
The specific heat for the gas and particles are 1.07x10° JKg°K and 1.38x10° JKg°K,
respectively, and the particle density is 4004.62 kg/nT. With a zero inflow velocity angle, the
fluid is accelerated from subsonic to supersonic speed in the nozzle. The inlet velocity and
temperature of the particles are presumed to be the same as those of the gas phase. Results for
two particle sizes of radii 1 and 10 mm with the same mass fraction f =0.3 are presented using
a grid of size 188x80 C.V. Figures 20(a) and 20(b) show the particle volume fraction
contours while Figures 20(c) and 20(d) display the velocity distribution. For the flow with
particles of radius 1 nm, a sharp change in particle density is obtained near the upper wall
downstream of the throat, and the particle density decreases to a small value. With the large
particle flow (10 nm), however, a much larger particle-free zone appears due to the inability
of the heavier particles to turn around the throat corner. These findings are in excellent
agreement with published results reported in [87] and others using different methodologies. A
quantitative comparison of current predictions with published experimental and numerical
datais presented in Fig. 21 through gas Mach number distributions along the wall (Fig. 21(a))
and centerline (Fig. 21(b)) of the nozzle for the one-fluid and two-fluid flow situations. As
can be seen, the one-fluid flow predictions fall on top of experimental data reported in [90-
92]. Since the nozzle contour has a rapid contraction followed by a throat with a small radius
of curvature, the flow near the throat wall is overturned and inclined to the downstream wall.
A weak shock is thus formed to turn the flow parallel to the wall. This results in a sudden
drop in the Mach number value and as depicted in Fig. 21(b), this sudden drop is correctly
envisaged by the solution agorithm with the value after the shock being dightly over

predicted.
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Due to the unavailability of experimental data, two-fluid flow predictions are compared
against the numerical results reported in [87]. As displayed in Figs. 21(a) and 21(b), both
solutions are in good agreement with each other indicating once more the correctness of the
calculation procedures. The lower gas Mach number values in the two-fluid flow is caused by
the heavier particles ¢ @>>r ), which reduce the gas velocity. Moreover, owing to the
particle-free zone, the Mach number difference between the one- and two-fluid flows along
the wall is smaller than that at the centerline.

To compare the relative performance of the multi-fluid algorithms, the problem is solved via
the PG method using the SIMPLE, SIMPLEC, SIMPLEM, and SIMPLEX algorithms over
three different grids of sizes 47x20, 94x40, and 188x80 C.V. for a particle radius of size 1
mm. As before, results are displayed in the form of total mass residuals (Fig. 22) and
normalized CPU times (Table 4) with esset to 10°. As shown in Fig. 22, all agorithms
require amost the same number of iterations with the exception of SIMPLE on the 94x40
grid, which requires a larger number of iterations than on the finest mesh. Excluding that
case, the convergence histories of al agorithms are nearly identical. In terms of
computational effort, the normalized CPU-times presented in Table 4 indicate a close
performance of the various agorithms with SIMPLE being the most efficient (7% less
expensive than SIMPLEC) and SIMPLEM the most expensive (43% more expensive than
SIMPLE) on the finest mesh. On the other hand, SIMPLEX is 11% more expensive than

SIMPLE.

Closing Remarks

The implementation of seven GCBA multi-fluid algorithms for the simulation of multi-fluid
flow at al speeds was accomplished. The algorithms were embedded within a non-linear full

multi-grid strategy. A two-fluid k-e model and several inter-phase models were also
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employed. Solving a variety of one- and two-dimensional two-phase flow problems assessed
the performance and accuracy of these algorithms. For each test problem, solutions were
generated on a number of grid systems using the single grid method (SG), the prolongation
grid method (PG), and the full non-linear multi-grid method (FMG). Results obtained
demonstrated the capability of all algorithms to deal with multi-fluid flow situations and to
predict multi-fluid flow at all speeds, and the ability of the FMG method to tackle the added
non-linearity of laminar and turbulent multi-fluid flows. The convergence history plots and
CPU-times presented, indicated similar performances for SIMPLE, SIMPLEC, and
SIMPLEX. The PISO, SIMPLEM, and SIMPLEST agorithms were in genera more
expensive than SIMPLE. In general, the PRIME agorithm was the most expensive to use.
The PG and FMG methods accelerated the convergence rate for al agorithms. The FMG

method was found to be more efficient.
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Figure Captions

Fig. 1 (a) Control volume, (b) the prolongation only, and (c) FMG strategies, and
(d) Physical domain for the gas-particle transport problem.

Fig. 2 (a) Comparison between the analytical and numerical particle velocity distributions,
(b)-(g) convergence histories on the different grid systems, (h) and convergence
histories on the 80 C.V. grid for the horizonta dilute gas-solid flow problem.

Fig. 3 (a) gas and particle velocity distributions, (b)-(g) convergence histories on the
different grid systems, (h) and convergence histories of the various algorithms on the
80 C.V. grid for the horizontal dense gas-solid flow problem.

Fig. 4 (a) Liquid and gas velocity distributions, (b)-(g) convergence histories on the different
grid systems, (h) and convergence histories of the various algorithms on the 80 C.V.
grid for the horizontal dilute bubbly flow problem.

Fig.5 (@ Liquid and gas velocity distributions, (b)-(g) convergence histories on the different
grid systems, (h) and convergence histories on the 80 C.V. grid for the horizontal
dense bubbly flow problem.

Fig. 6 Normalized CPU-times for the horizontal (a) dilute gas-solid, (b) dense gas-solid,

(c) dilute bubbly, and (d) dense bubbly flow problem.

Fig. 7 (a) gas and particle velocity distributions, and (b)-(h) convergence histories on the
different grid systems for the vertical dilute gas-solid flow problem.

Fig. 8 (a) gas and particle velocity distributions, and (b)-(h) convergence histories on the
different grid systems for the vertical dense gas-solid flow problem.

Fig. 9 (@) gas and particle velocity distributions; and (b)-(h) convergence histories on the
different grid systems for the vertical dilute bubbly flow problem.

Fig. 10 (a) gas and particle velocity distributions, and (b)-(h) convergence histories on the

different grid systems for the vertical dense bubbly flow problem.

Fig. 11 Normalized CPU-times for the vertical (a) dilute gas-solid, (b) dense gas-solid,



(c) dilute bubbly, and (d) dense bubbly flow problem.

Fig. 12 Comparison of fully developed liquid velocity and void fraction profiles for turbulent
bubbly upward bubbly flow in a pipe.

Fig. 13 (a)-(g) Convergence histories of the SG, PG, and FMG methods on the finest grid,
and (h) convergence histories of the various agorithms on the finest mesh using the
FMG method for turbulent upward bubbly flow in a pipe.

Fig. 14 Comparison of fully developed gas and particle velocity profiles for turbulent air-
article flow in a pipe.

Fig. 15 Convergence histories of the (a) SIMPLE, (b) SIMPLEC, (c¢) SIMPLEST, and (d)
SIMPLEX agorithms using the SG, PG, and FMG methods on the finest mesh for
turbulent air-particle flow in a pipe.

Fig. 16 The three different regions within the boundary layer of dusty flow over aflat plate.

Fig. 17 Comparison of fully developed gas and particle velocity profiles inside the boundary
layer at different axia locations for dilute two-phase flow over aflat plate.

Fig. 18 (a)-(g) Convergence histories of the SG, PG, and FMG methods on the finest grid,
and (h) convergence histories of the various agorithms on the finest mesh using the
FMG method for dusty gas flow over aflat plate.

Fig. 19 Physical domain for the dusty gas flow in a converging-diverging nozzle.

Fig. 20 (a,b) Volume Fraction contours and (c,d) particle velocity vectors for dusty gas flow
in a converging-diverging nozzle.

Fig. 21 Comparison of one-phase and two-phase gas Mach number distributions along the (a)
wall and (b) centerline of the dusty flow in a converging-diverging nozzle problem.

Fig. 22 Convergence histories of the (&) SIMPLE, (b) SIMPLEC, (c) SIMPLEM, and (d)
SIMPLEX algorithms using the SG method for dusty gas flow in a converging-

diverging nozzle.
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C.V. grid for the horizontal dense bubbly flow problem.
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problem.
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ig. 9 (a) gas and particle velocity distributions; and (b)-(h) convergence histories on the different grid systems for the vertical dilute bubbly flow problem.
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ig. 10 (&) gas and particle velocity distributions, and (b)-(h) convergence histories on the different grid systems for the vertical dense bubbly flow problem.
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ig. 13 (8)-(g) Convergence histories of the SG, PG, and FMG methods on the finest grid, and (h) convergence histories of the various algorithms on the

finest mesh using the FMG method for turbulent upward bubbly flow in a pipe.
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flow in a converging-diverging nozzle.
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wall and (b) centerline of the dusty flow in a converging-diverging nozzle problem.
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Table 1 Normalized CPU-times for turbulent bubbly flow in a pipe.

ALGORITHMS

GRID METHOD | SIMPLE |SIMPLEC | SIMPLEX | SIMPLEST |SIMPLEM | PISO | PRIME
48x16 C.V. SG 1.00 1.00 1.02 1.04 1.09 1.08 1.19
SG 40.09 40.42 40.98 40.66 43.07 41.82 43.59
PG (3 levels) 34.24 34.41 35.02 36.82 37.12 34.48 36.05
96x32 C.V. | PG (4 levels) 34.34 34.25 34.67 36.88 36.93 34.50 36.07
FMG (3levels)| 22.32 22.17 22.40 25.55 23.67 2731 28.38
FMG (4 levels)| 2253 2251 22.78 23.81 25.55 55.68 27.89




Table 2 Normalized CPU-times for turbulent air-particle flow in a pipe.

ALGORITHMS

GRID METHOD | SIMPLE | SSIMPLEC | SSMPLEX | SIMPLEM
48x20 C.V. SG 1.00 1.26 1.28 1.45
SG 18.81 18.85 19.07 21.05
PG (3levels) | 18.94 19.37 19.37 20.22
96x40 C.V. | PG (4levdls) | 19.03 19.46 19.44 20.30
FMG (3levels)| 11.11 12.34 12.44 13.72
FMG (4 levels)| 12.07 13.10 13.25 13.54




Table 3 Normalized CPU-times for Dusty flow over aflat plate.

ALGORITHMS

GRID METHOD | SIMPLE |SIMPLEC | SIMPLEX | SIMPLEST |SIMPLEM | PISO | PRIME
52x24 C.V. SG 1.00 1.04 111 1.52 131 1.12 213
SG 16.92 18.09 18.94 26.00 21.48 19.46 45.87
PG (3 levels) 14.25 14.94 1551 18.85 17.48 1584 24.48
104x48 C.V.| PG (4 levels) 14.27 14.80 15.50 18.90 17.56 15.79 24.46
FMG (3levels)| 5.35 5.44 5.88 11.87 7.84 8.34 12.19
FMG (4 levels)| 6.12 6.14 6.66 12.98 6.66 9.08 9.98




Table 4 Normalized CPU-times for Dusty flow in a converging-diverging nozzle.

ALGORITHMS
GRID METHOD | SIMPLE |SIMPLEC|SIMPLEX|SIMPLEM
47x20 C.V. SG 1.00 1.02 1.06 1.13
Mx40CV. | PG (2levels) | 13.08 9.24 9.47 11.37
188x80C.V.| PG (3levels) | 8243 8849 | 91.35 | 117.83




